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Integral Equation Formulation for Transient Structural Synthesis

Joshua H. Gordis*
Naval Postgraduate School, Monterey, California 93943

An exact formulation for time domain structural synthesis is developed. Volterra integral equations are derived
from the convolution integral which address substructure coupling and structural modification. The theory is cast in
physical coordinates and, therefore, no transformation or mode truncation is required to achieve model reduction.
As a minimum, only those coordinates directly involved in the synthesis need be retained, although synthesized
transient response can be found for all coordinates, if so desired. The formulation makes use of transient response
data and impulse response functions at the retained physical coordinates. Modified or coupled transient response is
directly calculated; no synthesized system model is assembled. The formulation exactly synthesizes system damping,
regardless of the uncoupled system damping models used. The numerical solution of the integral equations involves
the solution of a lower triangular linear system only; no matrix factorization or eigensolution is required. Simple

yet representative numerical examples are included.

Nomenclature
C = damping matrix
f = generalized excitation
h,H = impulse response function, matrix
K = stiffness matrix
M = mass matrix
t, T = time
R = equilibrium/compatibility matrix
x = generalized dynamic response
«, B = proportional damping coefficients
¢, ® = mass normalized mode shape, modal matrix
w,$2 = natural, circular frequency s~!
Subscripts
c = connection coordinates
d = damped system quantity
h = homogeneous solution
i = internal coordinates, mode index
Superscripts

= synthesized or change
= coupling quantity
U = time derivatives

Introduction

S UBSTRUCTURE coupling and structural modification (collec-
tively referred to as structural synthesis) are concerned with the
calculation of dynamic response for a structural system obtained
from the coupling of two or more substructures together, and/or from
the addition or removal of structural elements from the system. A
primary motivation for such analyses is the computational economy
obtained by synthesizing a system model which is smaller than the
sum of the component models and, in many cases, is smaller than
each of the component models. An additional motivation (among
others) for structural synthesis is that information about the sys-
tem is often known only at the substructure level. For example,
vibration testing for model validation is typically performed on in-
dividual substructures and, hence, damping is known only for the
substructures.

The most common methods for substructure coupling are re-
ferred to collectively as component mode synthesis (CMS), see,
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for example, Ref. 1. These methods represent each substructure by
a set of suitably chosen physical and modal coordinates and their
associated shapes. These methods achieve a reduction in model or-
der by truncating the number of modal coordinates retained for each
substructure. The individual substructure models so reduced are as-
sembled yielding a set of differential equations which must then be
solved, requiring an additional eigensolution and subsequent calcu-
lation of physical response. A disadvantage of these methods is that
the accuracy of the synthesized system model is related to the model
order; to obtain a more accurate system model, more substructure
coordinates need to be retained, hence increasing the order of the
system model. Furthermore, although damping can be synthesized
using CMS, the relationship between substructure damping (which
is often known accurately from a modal test) and the system damp-
ing is not known.

An alternative method for structural synthesis which circumvents
the aforementioned disadvantages is frequency domain structural
synthesis.>~* Using frequency response functions (FRF) calculated
for the substructures, FRF for the coupled system are directly and
exactly calculated. This method operates with physical coordinate
system descriptions and, therefore, can provide exact coupled sys-
tem frequency response using, as a minimum, only interface coordi-
nates. Of course, noninterface coordinate frequency response can be
synthesized as well. Advantages of this method include the arbitrary
order reduction of the presynthesis frequency response function
model available simply by extracting the FRF elements of inter-
est; the synthesis is always exact regardless of the dimension of the
reduction. Furthermore, the method synthesizes damping exactly,
regardless of the nature of the damping in the substructure models.
A limitation of this method is that it does not directly treat transient
problems.

The motivation for the present work is to provide a direct and
exact time domain structural synthesis method which provides the
benefits of the physical coordinate, frequency domain method, sum-
marized as follows: 1) exact model reduction simply by retaining
only the physical coordinates of interest, and 2) exact synthesis of
damping. Furthermore, the theory we will develop eliminates the as-
sembly and solution of the synthesized system equations; the theory
provides for the direct calculation of synthesized system transient
response based on arbitrary presynthesis transient response. In fact,
the governing equations to be derived provide an analytic relation-
ship between the synthesized transient response and the presynthesis
system parameters and transient response. We will consider, first,
structural modification.

Theory: Structural Modification
Consider an arbitrary structure whose physical coordinates {x}
are partitioned into {x.} and {x;}. The {x.} are those coordinates
at which a structural modification is to be installed (connection
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coordinates), such as the nodal coordinates at which an additional
element is being added. The {x;} are the physical coordinates of the
structure not directly involved in the modification (internal coor-
dinates}), but about which postmodification (synthesized) transient
response information is desired.

The total dynamic response of the system can be written in terms
of the convolution integral as follows:

{x,-(t) ] _ [x,-(t) ]
x® ] |x®],

_}_/I H;(t—7) Hic(’—f):l{Fi(t)}dt o
0 Hci(t - T) Hcc(t - T) Fc(t)

The H(t) are matrices of impulse response functions. The subscript
h indicates the homogeneous solution containing the constants of
integration. This Eq. (1) is the basis for both structural modification
and substructure coupling.

Continuing with the development of the governing equation for
transient structural modification, the structure experiences only ex-
ternally applied forces at the coordinate set i, and the both externally
applied forces and reaction forces imposed by the modification at
the coordinate set c, i.e.,

Fi(1) Fi(7) 0
= T 2
F.(7) F () F;(1)
The superscript e denotes externally applied and the superscript *

denotes a quantity associated with the modified system. Introducing
Eq. (2) into Eq. (1) yields

x0 " _ [x® "[Hi(t—1) Hit —7)
x| T %0 h+/0 Ha(t—7) He(t~7)

Fe(r) 0
XHFi(f) } * {F:m }]d @

where the * superscript on the left-hand side indicates a synthe-
sized quantity, i.e., the transient response of the structure with the
modification installed. Equation (3) can be rewritten as

x0 )] x® "TH. -0, .,
{xc(n] ‘{xf(r)}“L/O [Hcc(t—r)]{Ff(T)}dr “)

because we recognize that

x @ | _ x®
x| x|,

"THi(t —v) Hi(t—7) ]| F(0)
+ dr
0 Hri(t - T) Hcc(t - T) Fi(l')
The vector {F:(r)} represents the reaction forces imposed by the

structural modification on the host structure and can be written gen-
erally as

{F.(n} = —IM" )" ) — [C"H" O} = [K'Nx" ()} (5)

Extracting the second row of Eq. (4) and introducing Eq. (5) yields
the governing equation for structural modification,

{xi (0} = {xc (0} ~/ [H (t — DRIMIE" (1)} - [C7]
0

x (" (0)} = [K*){x"(m)}} dr (6)

Equation (6) is a nonstandard nonhomogeneous Volterra integrodif-
ferential equation (VIDE) of the second kind. The unknown vector
{x*()} represents the transient response of the modified system,
and it is this vector for which Eq. (6) must be solved. For prob-
lems involving a few physical coordinates, Eq. (6) can be solved
using Laplace transforms. For higher order systems, a numerical

solution is required. Rather than pursuing the solution of a nonstan-
dard VIDE, we integrate Eq. (6) by parts twice to obtain

(N + H OUM N0} = {x. ()}

+ [[Ho ONM*] + [Ho DOIC N {xo)
+ [He (O1M™ 1o} — / [[H..(t — 0)][M*]
0

+ [Ho(OUC™] + [Hee DK TMx: (1)) dT D

where we have used {x*(0)} = {x(0)} = {xo} and [x*(0)} =
{x(0)} = {xo}, which can be seen from Eq. (6). Equation (7) is
a standard linear Volterra nonhomogeneous integral equation of the
second kind.®

Equation (7) possesses unique and continuous solutions
because’

(] + [He QUM (e ()} + - -
[H.o (D]M™] + [Hoe (DIIC*THaxo} + [Hec (1)) [M*{o}}
iscontinuousin0 < < T,
[Heo(t — DUM] + [He D]IC] + [H (DK )
is continuous in 0 < 7 5 t <T,and
[[Hee(t — DM + [Heo(O1C*] + [Heo (D]

satisfies the Lipschitz condition for all 0 < v < ¢ < T. For zero
initial conditions, Eq. (7) reduces to

W + H O UM Nx: (1)} = (0} - / [(H..(t — 0)1[M"
0

+ [Hee(DNC*] + [Hoe DN 1{x} (1)) dT 8

Once Eq. (7) has been solved for the solution {x.()}*, the transient
responses of the internal coordinates are calculated using the top row
of Eq. (4), along with any necessary finite difference approximations
for the derivatives of {x.(¢)}*, as required by Eq. (5).

We now derive the governing integral equations for substructure
coupling.

Theory: Substructure Coupling
We begin again with Eq. (1) where {x.} is a vector of physical co-
ordinates directly involved in the coupling, and {x;} are coordinates
not directly involved but about which postsynthesis information is
desired. Note that for the coupling of two substructures a and b the
coordinate sets are partitioned as
o) = &2 x2]7

@)= x¢ xb)7

The substructures experience only externally applied forces at
their coordinate sets i, and both externally applied forces and reac-
tion forces imposed by the attaching substructure at the coordinate
sets ¢, hence, introducing Eq. (2) into Eq. (1) and following the same
process as in the structural modification problem, we are led to Eq.
(4) once again, where the vector {F}(r)} represents the coupling
forces between substructures. We specify coupling force equilib-
rium through the Boolean matrix

{F:()} = [RIF*(1)} ©9)

where each column of [R] is all zeros except fora 1 and a —1 in the
rows corresponding to the coordinates being coupled together. The
vector {F}(t)} represents the independent coupling force between
each pair of coordinates. Introducing Eq. (9) into the second row of
Eq. (4) and premultiplying by [R]” yields

FM) = Fo0)+ / [H.(t — DIF(D))dr  (10)
0
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where

FO) =R (x0}  and  [He®] = RY H.(O)R]
We specify compatibility between the mutual coupling coordinates
by the condition

T} = R {x}(0)) = {0}

This yields a homogeneous linear Volterra integral equation of the
first kind® for the coupling force vector {F ()},

{fcjf(t)}:-/ H..(t — DI(F ()} dr an
0

Note that Eq. (11) requires that {#.(0)} = {0}, with ||[H,.( — D
bounded, for the solution to be bounded.®

We may pursue a numerical solution of Eq. (11), but we will
first convert Eq. (11) into a second-kind equation by differentiation.
Taking two derivatives provides

. (O)I{F* ()} = —(F. ("} — / [H. (t — DUF (D}dr (12)
0

where a uvnique continuous solution for {ﬁ‘j(r)} is guaranteed
because®

(He.(t — 7)] and [H.(0)]

are continuous in0 < 7 <r < T, [H..(0)] does not vanish any-
wherein0 <t < T,and {x.(0)} = {0} and {x.(¢)} and its derivatives
are continuous in 0 < ¢ < T. This Eq. (12) is solved numerically
for the coupling force vector. This is substituted into the first row
of Eq. (4) which is directly integrated to solve for the synthesized
transient response.

Numerical Solution of Volterra Integral Equation

The numerical solution of Volterra equations is a topic that has
received much attention (e.g., Refs. 5-10). Many of the numerical
methods common in the solution of differential equations have been
applied to integral equations. In fact, integral equations are often
converted into differential equations and then solved. Here, we will
pursue two simple schemes for the direct solution of the governing
equations for modification and coupling, which are both Volterra
equations of the second kind. The schemes are based on replacing
the integrals in Egs. (7), (8), and (12) with a simple quadrature rule,
to be demonstrated by example.

Example 1. Stiffness Modification

As an example of the numerical solution of a structural modifi-
cation problem, consider the stiffness modification of an undamped
single degree-of-freedom (DOF) system, shown in Fig. 1. The syn-
thesis is performed using the transient response of the original
spring/mass system along with its impulse response function. The
transient response to a sinusoidal input F sin Qf is

. Q
x(t) = (sm Qt — —sin wt)
w

w? — Q2
and the impulse response is

h(t) = sinwt/w

Az + i

k+Ak

Fig.1 Stiffness modification of a simple oscillator.
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Fig.2 Transient response of the spring-mass system prior to stiffness
modification.
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Fig. 3 Synthesized and exact modified transient response; the two
curves are identical with respect to the resolution of the plot.

The transient response prior to modification is plotted in Fig. 2. The
governing equation (7) for modification reduces to

X)) = x(t) — AK / x*()sinw(r — 1)dr (13)
@ Jo

The transient response will be calculated at the time ;, = iAt; i =
0,1,2...n.Letting L;; =sinw (i At — j At), the integral in Eq. (13)
can be replaced, using the trapezoidal rule® by

() ) AkAt 1L *(OAt)-%—iL *(JAD
AL =Xy — = 5 LioX ij
o 5 =0 o XU
1 .
+EL,-ox*(1At):I i=0,1,2,...,n

These n + 1 equations constitute a lower triangular linear system,

{x} = (L1{x"} (14)
where L is
B 1 0 0 0 0 07
20 10 : . .
AkAt
Loy 1 0
Ak At
L32 1 0
w
: : : : 1 0
Ak At Ak At
TL"O Lot
L 2w w

Equation (14) is solved by forward substitution. Note that the trape-
zoid rule has first-order accuracy and does not require starting val-
ues. The lower triangular structure results because L;; = Ofori < j.
If w = 19.66 s7', F = 11bf, and Ak = 40 Ibf/in., At = 025 s
(At = (27 /10w*), and n = 80 for 20 s, the solution shown in Fig. 3
is obtained.

Example 2. Substructure Coupling

An example of the coupling of two substructures is presented,
based on the use of Eq. (12). Each substructure is a proportionally
damped cantilever beam modeled using two elements each. See
the Appendix for the substructure model parameters and element
matrices. The two substructures, prior to coupling and after, are
shown in Fig. 4. Each beam element has 2 DOF per node, a lateral
translation and a rotation. Therefore, referring to Fig. 4, the two
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Fig. 4 Two cantilever beam finite element models, before and after
coupling.

systems are coupled through DOFs 3-5 and DOFs 4-6. Substructure
a is subjected to a transient excitation,

_ P()Sith tzO
Fo=y " t<0

and we will solve for the transient response of DOF 5 in the coupled
system. Note that the DOF in the ¢ set for substructure ¢ are 3 and
4, and those for substructure b are 1 and 2.

The transient response of substructure a along with the impulse
response models of both substructures are calculated using the re-
spective system modes (the transient response of substructure b is
zero). The total response for a mode i is

qi(t) = qui(t) + / hi(t — ) {@}Y {f ()} dr

0

where
qri(t) = e 59" [A; cos(wy;t) + B; sin(wy)]

The {¢} is a mass normalized mode shape and

1 —fwil o3
hi(t) = —e > sin(wy;t)
Wi

where the subscript / indicates the homogeneous solution, and the
subscript 4 indicates a damped natural frequency.

With all initial conditions set to zero (as required by the first kind
form of the governing integral equation for coupling) the modatl
response reduces to

qi(t)=/ hi(t = D)¢" f(zr)dt
0

The physical impulse response matrix H(¢) for a structural system
can be found from the modal impulse response functions &; (¢),

aon— [® O [disgthewn 0 Jre o
HOI= o g |l 0 dagroll| 0 @

Equation (12) requires the (c, ¢) partitions associated with the con-
nection coordinates to be extracted from the impulse response matrix

and two derivatives taken to produce [H..(9)]. Note also that
.01 = [, ][] +[22][22]

for mass normalized mode shapes.

Equation (12) is used to perform the coupling. Here we will re-
place the integral in Eq. (12) using Simpson’s one-third rule for those
points in time arrived at over an even number of time intervals. For
those points in time arrived at over an odd number of intervals, we
use Simpson’s one-third rule up to the last four points, and then we
use Simpson’s three-eighth rule for the last four points. The use of
the three-eighth rule at the end of the interval rather than at the be-
ginning is crucial for computational reasons.>’ The integral in Eq.
(12) is, therefore, approximated as

oL d -
/ (Hee(t — DUFL@}dt = ALY " WylH A1 — jAD)]
0 j=0
x {F(jany
where t; = iA,, and the w;; are the weights consistent with the
already described quadrature based on Simpson’s rule. We again
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Fig. 5 Uncoupled transient response of DOF 3.
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Fig. 6 Generalized coupling forces { f(t)}.
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Fig.7 Synthesized and exact transient response calculated for DOF 5;
the two curves are identical with respect to the resolution of the plot.

arrive at a lower triangular linear system which is solved for the
synthesized system transient coupling forces.

Note that the use of higher order quadrature formulas, such as
Simpson’s rule, requires starting values. For Simpson’s rule, two
starting values are required.’! Note also that the convergence of the
numerical method is relatively insensitive to errors in the starting
values; the effect of the starting errors on convergence is attenuated
by the factor Az (Ref. 6).

The uncoupled transient response of DOF 3 is shown in Fig. S.
Figure 6 shows the coupling force and moment which is the solution
of Eq. (12). Figure 7 compares the exact solution for the coupled
transient response with that calculated using the integral equation
formulation. The solution was calculated using a time step approx-
imately two orders of magnitude smaller than the shortest period
expected for the coupled system.

Discussion

The time domain method developed herein is closely related to
frequency domain structural synthesis.>~* The governing equation
for frequency domain synthesis is

Y1 = 1Y ]~ Ve RI[Z7 + Vo] [RY [Yee]

and [Y,.] = [RIT[Y.][R]. Here, the [Y] are frequency response
function matrices. As mentioned at the outset, the advantages of the
frequency domain method for structural modification and substruc-
ture coupling motivated the development of the present method. The
advantages that these methods share include the following,

1) Arbitrary model reduction is available. As the methods are cast
in physical coordinates, only those coordinates of interest need be
retained.

2) There is an exact synthesis of damping. Any linear damping
model may be included. The method is exact because it treats the
coupling/modification forces explicitly.

3) No synthesized system model is developed and, therefore, no
additional solution phase is required.

These physical coordinate methods, in fact, constitute analytic rela-
tions for the synthesized response as functions of the presynthesis
subsystem parameters and response.
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The development of the time domain formulation continues. Ef-
ficient numerical schemes for large-scale computation need to be
identified along with practical error bounds. One error bound arises
out of a proof of convergence. It is shown in Ref. 6 that the error is
proportional to ¢, where W is the maximum quadrature weight,
T the final value of time, and L the Lipschitz constant such that,
and with respect to Eq. (12), for example,

[Ho(t, OWF:OF — (Fr)'} < L{IFL0F — (F2())')

and L may be taken as

L= |[en][ee] + [28][2]]

However, this bound is very crude and does not provide useful infor-
mation with respect to maximum step size required for an accurate
solution. This is an issue of current work. Experience has shown that
a step size two orders of magnitude smaller than the shortest natural
period in the problem is required for the quadrature rules employed
here. The frequencies of the coupled system can be determined by
performing the following determinant search:

det[Z_1 + f’cc] =0

where Z is the impedance matrix corresponding to Eq. (5). The zero
crossings of this frequency dependent equation occur at the natural
frequencies of the synthesized system. The substructure coupling
example involved proportionally damped beams. Although the the-
ory exactly treats any linear damping model, a generally effective
numerical method of solution must be so demonstrated, which is
another topic of further work.

Appendix: Finite Element
Model Data
Each substructure comprises two 4-DOF beam elements. The
element mass and stiffness matrices are'”

M2 6L —-12 6L

h]= EI 412 —-6L 2L?
T3 sym 12 —6L
412
7156 22L 54 —13L
_om 4L 13L —3L?
tm.] = 420 sym 156 —6L
412

and EI = L = m/420 = 1.

Proportional damping is assigned as
[C] = a[K]1+ BIM]

with @ = 0.0, and 8 = 2.0. The natural frequencies for the two
substructures are

[w] = 27 diag(0.14, 0.88,2.99, 8.68) s
and the natural frequencies for the coupled system are
[w] = 27 diag(1.39, 3.85,7.63, 14.57, 24.10, 38.79) s~!
The magnitude of the excitation Py = 100.0 Ibf.
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